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Two estimates on the distribution of zeros of the first 
derivative of Dirichlet L-functions under the generalized 
Riemann hypothesis 

Ade Irma Suriajaya 


Abstract. The number of zeros and the distribution of the real part of non- 
real zeros of the derivatives of the Riemann zeta function have been investi¬ 
gated by B. C. Berndt, N. Levinson, H. L. Montgomery, H. Akatsuka, and the 
author. Berndt, Levinson, and Montgomery investigated the unconditional 
case, while Akatsuka and the author gave sharper estimates under the truth 
of the Riemann hypothesis. In this paper, we prove similar results related to 
the first derivative of Dirichlet L-functions associated with primitive Dirichlet 
characters under the assumption of the generalized Riemann hypothesis. 


1. Introduction 


Zeros of the Riemann zeta function are also related to those of its derivatives 
for positive integer k. For example, A. Speiser ||Spe35| proved that the Rie¬ 
mann hypothesis is equivalent to the statement that C'i^) has no non-real zeros to 
the left of the critical line. In 2012, assuming the Riemann hypothesis, H. Akatsuka 
[Akal2[ Theorems 1 and 3] showed that we can approximate the distribution of 
zeros of C^(s) as follows: 

p =P +i-f , 

C'(p')=o,o<7'<r 

-Li(^) +0((loglogr)2), 


where the sum is counted with multiplicity and 


and 

( 1 . 1 ) 


Li(a:) 



dt 

logt’ 


Ni{T) 


Li L _ L ~ o ( 

2 tt ^ Itt 27r \(loglogT)r/^/ 
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where Ni(T) denotes the number of zeros of C{s) with 0 < Im(s) < T, counted 
with multiplicity. These results are also extended to higher order derivatives by the 
author [SurlSl Theorems 1 and 3]. 

These results of Akatsuka [Akal2l Theorems 1 and 3] and the author |Surl51 
Theorems 1 and 3], under the truth of the Riemann hypothesis, improve the error 
terms O(logT) in the unconditional results obtained by N. Levinson and H. L. 
Montgomery |LM741 Theorem 10] on the distribution of the real part of zeros and 
by B. C. Berndt [BerTOl Theorem] on the number of zeros of 


We are interested in extending these results of Akatsuka [Akal2l Theorems 1 
and 3] to Dirichlet L-functions. We shall only consider Dirichlet L-functions asso¬ 
ciated with primitive Dirichlet characters y modulo q > 1, L{s, x)- Note that there 
exists only one Dirichlet character modulo 1 and the associated Dirichlet L-function 
is the Riemann zeta function, whose results are given in |Akal2] . The generalized 
Riemann hypothesis states that both C(s) and L{s,x) satisfy the Riemann hypoth¬ 
esis, that is, all nontrivial zeros lie on the critical line Re(s) = 1/2. 

Zeros of L^^\s, x) have been studied by C. Y. Yildirim [Yil96] in 1996 includ¬ 
ing zero-free regions and the number of zeros. Akatsuka and the author in their 
recent preprint |AS-p1 Theorems 1, 2, 4, and 5] improved the zero-free region on 


the left half-plane |Yil961 Theorem 3] and the number of zeros [Yil96l Theorem 4] 
shown by Yildirim, for the case k = \. We also obtained a result AS-p] Theorem 


6] on the distribution of the real part of zeros and proved results Theorems 

8 and 9], analogous to Speiser’s theorem |Spe35| , for Dirichlet L-functions. 


Throughout this paper, for a given integer q > 1, we denote by m the smallest 
prime number that does not divide q. Next, we let p = fd + iy and p' = j5' + zy' 
denote the zeros of L(s, x) and L'(s, %) in the right half-plane Re(s) > 0. We know 
that L{s,x) has only trivial zeros in Re(s) < 0. We remark that zeros of L'{s,x) 
satisfying Re(s) < 0 can also be regarded as “trivial” (see [As:^ Theorems 1, 2, 
and 4]). Then we define Ni(T,x) for T > 2 as the number of zeros of L'{s,x) 
satisfying Re(s) > 0 and | lm(s)| < T, counted with multiplicity. 

Our main theorems are as follows: 


Theorem 1.1. Assume that the generalized Riemann hypothesis is true, then 
for T > 2, we have 

p'=/3'+17', 

\l'\<T 

+ O (log log {qT)Y -b m log log {qT) + logg^ , 
where the sum is counted with multiplicity. 


Theorem 1.2. Assume that the generalized Riemann hypothesis is true, then 
for T >2, we have 

N,{T, X) = 1 log ^ 1 + O (log. 


In this paper, we first review some basic estimates related to log L(s,x) near 
the critical line and zero-free regions of L'(s, y) in Section[2| In Section[3l we show 
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important lemmas crucial for the proofs of our main theorems and finally prove 
them in Section |4l For convenience, we use variables s and z as complex numbers, 
with a = Re(s) and t = Im(s). Finally, we abbreviate the generalized Riemann 
hypothesis as GRH. 


2. Preliminaries 

2.1. Bounds related to logL(s,x) near the critical line. 

In this section we give some bounds related to logL(s,x) which can be found 
in |MV061 Sections 12.1, 13.2, 14.1]. Only for this subsection, we put r := \t\ +4. 

Lemma 2.1. Assume GRH, then 

log L(o + X) = O [ + log log log (,x) j 

holds uniformly for 1/2 + (loglog (gr))”^ < cr < 3/2. 

Proof. This is straightforward from the inequalities in exercise 6 of |MV061 
Section 13.2] (see also page 3 of |MV06-corj for the corrected exercise 6 (b) and 
(c)). □ 


Lemma 2.2. Assume GRH, then 

aigL{a + it,x) = O 


/ log (gr) 
Vlog log (qr) 


holds uniformly for a >1/2. 

Proof. See [Sel46l Section 5] or exercise 11 of [MV061 Section 13.2]. □ 

With the above lemma and |MV061 Corollary 14.6], we obtain the following 
estimate on the number of zeros of L{s,x) under GRH: 


Proposition 2.3. Assume GRH and let N(T,x) denote the number of zeros 
of L{s,x) satisfying Re(s) > 0 and |Im(s)| < T, counted with multiplicity. Then 
for T>2, 


N{T,x) 


T, qT T 
-^og- - 

7T ZtT 7T 


o 


( log(gj^) \ 

Vlog log {qT)j 


Proof. This is a straightforward consequence of [MV061 Corollary 14.6] and 
[Sel46l Theorem 6] (see exercise 1 of [MV061 Section 14.1]). □ 


Lemma 2.4. 


V_ 

T 


{a + it,x) 


-+ 0(log(gr)) 

^ a + it — p 


holds uniformly for — 1 < cr < 2. 


Proof. See ]MV06l Lemma 12.6]. 


□ 
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2.2. Zero-free regions of L'{s,x)- 

We begin with a zero-free region of L'{s, x) to the right of the critical line. 


Proposition 2.5. L'{s,x) ™ zeros when 


m 

a>l + - 


1 + \ 1 + 


m login 


Proof. See |Yil96l Theorem 2] for k = 1. 


□ 


From the above proposition, it is not difficult to check that L'{s,x) ^ 0 when 
a > 1 + Zml2. Next we introduce a zero-free region of L'{s,x) to the left of the 
critical line. 


Proposition 2.6. L'{s,x) has no zeros when a < 0 and |t| > 6. Furthermore, 
assuming GRH, 

(1) if K = 0 and q > 216, then L'{s,x) has a unique zero m 0 < Re(s) < 1/2; 

(2) if K = 1 and q > 23, then L'{s,x) has no zeros in 0 < Re(s) < 1/2. 

Here 


0, x(-i) = i 
1 , x(-l) = -l 


Thus under GRH, for any fixed e > 0, there are only possibly finitely many zeros 
in the region defined by 0 < a < 1/2 and |t| < e for any L'{s, x)- 


Proof. See Theorems 1,8, and 9] and note that q > 3 in our case. □ 


3. Key lemmas 

For convenience, we define the function F(s, x) follows: 

(3.1) F{s, x) := e(x)2%«-ig5-^ sin r(l - s). 


where e(x) is a factor that depends only on y, satisfying |e(x)| = 1, and n is 
determined as in Proposition 12.61 Thus from the functional equation for L{s,x)i 
we have L{s, x) = x)- We also define the function Gi (s, x) associated 

with L'{s, x) as follows: 


(3.2) 


G'i(s,x) := - 


m 


x(m) logm 


L'{s,x)- 


3.1. Constants ai and tq. 

Lemma 3.1. For a > 2, we have 

\Gi{a + it,x) - 1| < 2 ^1 -f ^1 -I- ^ 

and 

^i(T + it,x) - 1 


< 2 1-f 


8m 


1 + 
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Proof. Let a > 2. Then from (13.211 and by using the Dirichlet series expression 
of L'{s,x), we can calculate 


|Gi(s,x)-l| = 


x(m) log TO 


TO 


x(to) log to 


E 


E °° x(n) logn 
n® 

n—1 / 

X(n) logn 


- 1 


< 


n=m+l 

to'^ log (to + 1) m' 


n 


< 


E 


logn 


log TO ^' n“ 


\ogx 

log TO (to + 1)'^ ' logm x'^ 

mf' log (to + 1) ^ TO + 1 


dx 


< 


log TO (to + 1) 
to'^ 2 log TO 
log TO (to + 1)'^ 


TO + 1 


tJ — 1 (cr — 1)^ log (to + 1) 


1 + 


4to 

(7—1 


< 2 


TO + 1 


8m 

1 +- 

a 


where we have used to + 1 < 2to < and a — 1 > a 12 in the last two inequalities. 

By using the Dirichlet series expansion of {L'/L){s, x), with similar calculation 
as the above, we can show the second inequality in the lemma. □ 

Applying Stirling’s formula of the following form 

(3.3) log r(z) = log 0 - 0 + i log 271 + J 


“ ^-du 


we can define the holomorphic function 

1 


u + z 

(—TT + <5 < argz < TT — S, for any 6 > 0), 


1 


(3 4) ■= + (^2 “ + 2 +^°Ssin-(s + K) 

+ iogr(i - s) 

for (T < 1 and |t| > 1, where 0 < arge(x) < 2tt and log sin ^(s + k) is the holomor¬ 
phic function on cr < 1, |t| > 1 satisfying 

(1 — S — k)?! . 


- log 2 - ^ 


^7ri{s-\-K)n 


t > 1; 


n—1 


log sin — (s -I- k) := < 


(s-hK-l)7r ^ 

^ -i-log2-^---, t<-l. 

n—1 


2 ^—' n 

n—1 

Under the above definitions, we can show the following lemma. 
Lemma 3.2. For a < 1 and ±t > 1, we have 


TTZ 1 

-^(s,x) = - log (q( 1 - s)) -flog 271 T Y + 

where —tt/2 < arg(l — s) < 7r/2. 


O 


1 


l-s| 


O 




Proof. Applying Stirling’s formula (13.31) to logr( 2 ) for argz S (—7r/2,7r/2), 
we have 


1 


1 


logr(l - s) = - - s log(l - s) - (1 - s) -f - log271-f 


[u] — u + ^ 
u + 1 — s 


du 
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in the region a < 1, |t| > 1. From (j3.4L we can show that 


logF(s,x) = loge(x) + 


log (g(l-s))-log27r + 


TTl 


It + 1 — S 


g7rz(s+K;)n 


n—1 


holds when cr < 1 and t > 1. Differentiating both sides of the above equation with 
respect to s, we obtain 

1 


TTl 1 

y('S,x) = -log(g(l - s)) +log27r- y + 


+ 0 


|l-sP 

for a < 1 and t > 1. We can show similarly for cr < 1 and t < — 1. 
Lemma 3.3. There exists a ai < —1 such that 

1 L' 


O 




□ 




(1 - s,x) 


< 2° 


holds for any s with cr < ai and |t| > 2. 

Proof. From Lemmawe know that 
F' 


y (s, x) = - log (g(l - s)) + 0(1) 


holds when cr < 1 and |t| > 2. Hence 

>log(( 7 (l-a))-| 0 (l)| 


F' 

y{s,x) 


holds in the region a < 1, |t| > 2. Thus, we can take cr( < — 1 sufficiently small 
(i.e. sufficiently large in the negative direction) so that for any s with cr < (t( and 
\t\ > 2, we have 


(3.5) 


F' 

-^(s,x) 


> 2 (9(1 - cr)) 


for all s in the region cr < a[,\t\ > 2. 

Next we estimate (L'/L)(l — s, x)- In the region cr < —1, |t| > 2, (L'/L)(l —s, x) 
can be written as a Dirichlet series, thus we have 


(3.6) 


L' 


(1 - s,x) 


< 


log 2 

21-cr 


^ logn ^ 2--log2 

„l-cr — O 


logx 


dx 


n—3 


= log 2 




2 cr 

Now combining inequalities (13.51) and (13.61) . we have 


1 + -log2 


1 


L' 


wi^,x)L 


(1 - S:X) 


< 2“ 


2 + 3 log 2 
log (q( 1 - cr)) 


for cr < cr( and |t| > 2. Hence we can find some ai < (< —1) such that 

(2 + 3 log2)/ log (q(l — cr)) < 1 holds for any cr < cri. This implies that 


L' 




(1 - s,x) 


< 2-^ 




























TWO ESTIMATES ON THE DISTRIBUTION OF ZEROS OF L'{s,x) UNDER GRH 


7 


holds in the region cr < cti, |t| > 2. 


□ 


Lemma 3.4. Assume GRH and fix a ai that satisfies Lemma \S.S[ Then there 
exists a ti > —ai such that 


(1) for any s satisfying o'l < a < 1/2 and |t| >ti — 1, 


F' 

-yis,x) 


> 1 


holds and we can take the logarithmic branch of log {F'/F){s,x) in that 
region such that it is holomorphic there and Stt/G < axg (F'/F){s,x) < 
7tt/ 6 holds; 

(2) for any s satisfying cti < tr < 1/2 and |t| > — 1, 

L', , , 

-^(s,x) 0 

holds and we can take the logarithmic branch of log {L'/L)(s,x) in that 
region such that it is holomorphic there and 7r/2 < arg {L'/L){s, x) < 37r/2 
holds. 


Proof. We begin by examining condition (1). Again, from Lemma [3?^ we see 

that 

y (s, X) = - log (g(l - s)) + 0(1) 

holds when cr < 1 and |t| > 2. Thus for cti < cr < 1/2 and |t| > 2, we have 


F' 


> log ((?|t|) - |0(1)| > log \t\ - |0(1)|. 


Hence, we can find some t'.^ > 100 such that 


(3.7) 


F' 

-y{s,x) 


> 1 


holds for all s with cri < ct < 1/2 and \t\ > t[ — 1. We note that Lemma 13.21 also 
implies that 

y(s,x) = - log iq\t\)+0{l) 

holds when cti < cr < 1/2 and |t| > 2 — ai. Consequently, we can find some 
t'( > max{t'^, 3 — CTi} such that 

Stt FF , 7tt 

— <arg-(s,x)< — 

holds for ai < a < 1/2 and |t| > t'( — 1. Since (F'/F){s,x) is holomorphic, 
inequality (1X71) tells us that log (F'/F)(s, x) is holomorphic in the region ai < a < 
1/2; 1^1 > — 1 with this branch. 

By the above calculations, we find that t'( is a candidate for ti. Below we 
examine condition (2) to completely prove the existence of ti. 

Corollary 10.18 of |MV06| allows us to show that 



Re f^(S;X) 
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holds for ai < a < 1/2, under GRH. For any small <5 > 0, let |f| > aitanS. 
Stirling’s formula (j3.3|l implies 


^ Re( 


= 2 log 

Hence we can find some ti > t'l large enough so that 


Re 


V 


(s,x) < 0 


o( A 


holds for CTi < cr < 1/2 and |f| > — 1 and hence {L'/L){s,x) ^ 0. Moreover, we 

can define a branch of log (L'/L)(s, y) so that it is holomorphic in a\ < <7 < 1/2, 
|t| > — 1 and 

TT L' Stt 

- < arg —(s,x) < — 

holds there. Since this ti also satisfies condition (1), the proof is complete. □ 


Now we fix ti which satisfies Lemma and take tq G [ti + 1, ti + 2] such that 
(3.8) L{a±itq,x) 7^0, L\a±itq,x) 7^0 

for all cr G K. 


Remark. We note that tq depends on q but it is bounded by a fixed constant 
that does not depend on g: tg <C ti <C 1. 

3.2. Bounds related to logGi(s,x). 

In this subsection, we give bounds for arg (Gi/L)(s, x) and argGi(s,x)- We 
take the logarithmic branches so that logL(s, x) and logGi(s, x) tend to 0 as 
cr —>■ oo and are holomorphic in C\{p + A | L{p, x) = 0, A < 0} and C\{/9' + A | 
L'{p\ x) = Oj A < 0}, respectively. We write 

Gi 

- aig L{a±iT,x) + arg Gi (cr ± fr, x) = arg — (cr ± ir, x) 

and take the argument on the right-hand side so that log (Gi/L)(s, x) tends to 0 
as CT —^ oo and is holomorphic in C/jz -I- A | {L'/L){z, x) = 0 or oo, A < 0}. 


Lemma 3.5. Assume GRH and let r > tq. Then we have for 1/2 < a < 10m, 


G 

arg-^(cr±iT,x) < 


m 

a 


7ji 1/2 log log (gr) -I- m 

cr- 1/2 


3 < cr < 10m, 


112 <a< 3. 


Proof. Let t >tq and 1/2 < cr < 10m. Let 
uGi/l = ugi/l(o-, t; x) := # G [cr, 11m] | Re ± x)^ = o| 


then 


arg —(cr± zT,x) 


< (mgi/l + l) TT. 


To estimate mgi/L) we set 


^^i(^.x) := \ (^^iz±iT,x) + ^izTiT,x) 
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and 

nH^{r,x) ■■= e C I Hi{z,x) = 0,12- llm| < r}. 

Since Hi{x, x) = Re((G'i/L)(a;±iT, x)) for a:: G K, we have uq^/l < (llm—cr, x) 

for \I2 < a < 10m. 

Now we estimate n_f/j(llm — <J,x)- We take e = Co-.t > 0. It is easy to show 

that 


nH^{llm -a,x) < 


1 


cr+e 


{r, x) 


log(l + e/(llm-CT)) Jo 
Applying Jensen’s theorem (cf. |Tit39l Section 3.61]), we have 

Jo ’’’ Jo 

- log|i?i(llm,x)|- 


dr. 


-dr = — [ log + (11m — cr + e)e*®,x)M^ 

271 Jo 


Applying the second inequality in Lemma lOI we can easily see that log |iJi(llm, x)| 
0(1). Therefore 


1 

“ log(l + e/(llm- cr)) 

^ J + C'^ 

for some absolute constant O > 0. 

Now we divide the rest of the proof in two cases: 

(a) For 3 < cr < 10m, we restrict e to satisfy 0 < e < cr — 2. Then 11m + 
(11m — cr + e) COS0 > 2. Applying the second inequality in Lemma [3Tl 
we can easily obtain 


arg—(CT±^r,x) 


|iLi(llm + (11m 


<7 + e)e*^x)l< 


100m 

11m + (11m — cr + e) cos 6 


By using Jensen’s theorem (cf. |Tit39[ Section 3.61]), we can show that 
for c > r > 0, 


(3.9) 


1 

— / log Jc + r cosSJdd = log 
271 Jo 


:+ 


holds. By using p.9p . we can easily show that 


log liLi(llm + (11m — cr + e)e*®, x)\dd 


2tt 


1 

<log(100m) —— / log (11m + (11m — cr + e) cos0)d0 

271 Jq 


— log (100m) — log 


11m + y^llm^ — (11m — cr + e)^ 


< log (100m) — log 1- 

Note that e/(llm — cr) < 10, thus log (1 + e/(llm — cr)) > e/(llm — cr) 
Hence 

Gi , , , 11m — cr m 

arg—(cr±ir,x) < -< —■ 

L e e 
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By taking e = ct — 2, we obtain 

Gi , , . . m 

arg^(CT±*'r,x) < —■ 

L a 

This is the first inequality in Lemma 13.51 
(b) For 1/2 < cr < 3, we restrict e to satisfy 0<e<CT — 1/2 and we divide 
the interval of integration into 

• Ii := {0 G [0, 27r] | llm + (11m — cr + e) cos 0 > 2} and 

• I 2 := G [0, 27r] j llm + (llm — a + e) cos0 < 2}. 

Since llm + (llm — a + e) cos9 > 1/2 and llm — cr + e < llm, on Xi, as 

in the calculation of case (a), we can show that 

f log |iLi(llm + (llm — cr + e)e*®, x)|d0 
/eeii 


27r 


< 7^ / log 


100 m 


Jegii llm + (llm — cr + e) COS 0 


d9 


< 




log- 


100 m 


llm + (llm — cr + e) cos 
Now we estimate the integral on I 2 . Setting 

llm — 2 

cost^n := 


-d9 < 1. 


llm — cr + e 

for 9o G (0, 7 r/ 2 ), we have I 2 = (tt — 9o, n + 9o). Applying Lemma 1X41 and 
ProDOsition l2.3l and noting that {V/L){x+ iy,x) = 0(1) when x>2,we 
have 


j^' 

j-{x + iy,x) = O 


/log {q{\y\ + 1 )) 


V a;- 1/2 
for 1/2 < a; < A, for any fixed A > 2. Thus, 

log (q(T + llm)) 


|iLi(llm + (llm — cr + e)e*®,x)| < Gi 


m 


logm llm + (llm — cr + e) cos9 — 1/2 
for some absolute constant Oi > 0. Hence 
1 

/eGi2 

log {q{T + llm)) 


27r 


j log |iLi(llm + (llm — cr + e)e*^, x)|d 0 
Jeei2 

1 Oim^ 

“ 27r .L_h„ logm llm — 1/2 + (llm — cr + e) cos 0 


d9 


/ TT — 

, Cl m2 

log 


log {q{T + llm)) 


1 

27r J_g^ logm llm — 1/2 — (llm — cr + e) cos 


Td9 


9o Cim^ log {q{T + llm)) 

= — log-^- 

TT logm 


1 

27T 


j log ^llm ~ 2 — cr + e) cos 9 ) d9. 


We note that cosSq = 1 + 0(l/m). By using 1 — cos 6*0 = 2sin2 [9o/2), 
we can show 


9o < 


sm' 


2 ^0 


< 


1 


zl/2- 













TWO ESTIMATES ON THE DISTRIBUTION OF ZEROS OF L'{s,x) UNDER GRH 


11 


Hence, 


J log — - + (11m — (T + e) cos0^ (i0 

11 m - 1/2 + ( 11 m - cr + e) cos 7/1 

' ' - - d9+ / log(llm-l/2)d6> 

J-Bn 


log- 


11m- 1/2 


log ( 1 - cos9]d0 + O 


-9q 


logm 

11 m— 1/2 J ' 

Recalling that a — e > 1/2 and 9o £ (0, n/2), we have 

f^o rBo / llj7j_rr + e 

/ log (1 — cos 0 )(i 0 < / log ( 1 - 7 -;- 7 - 7 ^ cos 0 1 < 0 . 


J —Bq 

Mean-while, 


' —Bq 


11m- 1/2 




' —Bq 


' —Bq 


0 


log (1 — cos 6)d0 = / log ( 2 sim -\d6 = 29 q log 2 + 4 / log ( sin - ) dO 


2it 


= 200 log 2 + 4 log + 4 r log 

Jo d j I 7q 2 

= O (0o) + O (03) + O (00 log 00 - 1 ) = O . 

Therefore when 1/2<(T<3, we have 

p27T 

I log + (11m — <7 e)e‘^^,x)\Jd 

0 

=-;^ ( [ +[ ^ log|iJi(llm +(11m-cr + e)e*®,x)|d6' 

471 VJeeii Jeei2/ 

log log (g(T + llm)) logm log log (gr) 

j^i/2 m^/^ m^/^ 

Since 0 < e/(llm — cr) < 1, we have log (1 + e/(llm — a)) » e/m, thus 

Cl/ , . I ^ 0 , loglog(gr) 

arg —(cr ± IT, x) < — 1 1 + 


m 


1/2 


Taking e = (tr — l/2)/2, we obtain the second inequality in Lemma 13.51 


□ 


Lemma 3.6. Assume GRH and let A > 2 be fixed. Then there exists a constant 
Co > 0 such that 

\L\. + it.a\ < exp (c„ + (logCpr))''-”)) 

holds for 1/2 — 1/ log log (qr) < a < A and r = \t\ +4. 

Proof. Applying Lemma 12.11 and Cauchy’s integral formula, Lemma [3.61 fol- 
lows. □ 

Lemma 3.7. Assume GRH. Then for any 1/2 < tr < 3/4, we have 
argGi(cr±/r,x) = o( mi/^(log log (gr)) 
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Proof. The proof is similar to that of Lemma [3.51 but we provide the details 
for clarity. Let 1/2 <(t< 3/4 and r > 1 be large. Put 


UGi =ugi(o-,t;x) :=#{ue [tr, 1 + 3m/2] | Re (Gi(u ± ir, y)) = 0} , 


then 





and 


«Ai(r,x) := #{z G C | Xx{z,x) = 0, |z- (1 + 3m/2)| < r}. 


Then we have ugx < uai (1 + — a,x)- 

Now we estimate nxi (l + 3m/2 — tT, x). For each ct G [1/2, 3/4], we take e = eCT,r 
satisfying 0 < e < cr — 1/2 + (loglog (gr))”^. It is easy to show that 



Applying Jensen’s theorem (cf. [Tit39[ Section 3.61]), we have 



• Ji := {6 G [0, 27r] | 1 + 3 to/2 + (1 + 3to/ 2 — cr + e) cos d > 2} and 

• J 2 ■= G [0, 27r] I 1 + 3 to/2 + (1 + 3to/ 2 — cr + e) cos 9 <2}. 

Then similarly, applying the first inequality in Lemma 13.11 and (13.91) , we can show 
that 

-5- [ log |Ai(l + 3m/2 + (1 + 3m/2 - cr + e)e®^,x)|d0 = 0(1)- 

Je&ji 

Next we estimate the integral on J 2 . Setting 

1 + 3m/2 — 2 


for 9q G ( 0 , 7 r/ 2 ), we have J 72 = (tt — 6 * 0,71 + 9q) and 9q = 0(m Applying 

Lemma 13.61 we have 

|Ai(l + 3m/2 + (1 + 3m/2 — cr + e)e*®, x)| 



(log (gT-))“3™—2(l+3m/2— cr+e) cos ff 


+ (log (gr))^''^° 


log log (gr) 
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for some absolute constant Cq > 0. Thus, 
1 

2?! _ 

n2 


/ log \Xi{l + 3m/2 + (1 + 3 to/2 - ct + e)e*^, x)\d& 
Jdej2 

<00 flog ^ + C'(log (qr))i/io) 

V logm J 

, C^(log(gr))-3- 


2-k log log {qr) 

< 00 flog + C'o(log 

\ log m / 

C'(log(9r))-3- 


p'K-\-O0 

/ (log(gr))-2(i+3™/2-'^+'^)™"»d6» 

J TZ — On 


+ 


271 log log (qr) Jo 
C^(log(qr))-3- 


pZ7Z 

/ (log(qT))-2(i+3'"/2-<^+'^)™>^®d6» 

Jo 


log log (qr) 

where X is the Bessel function. Since 


/o(2(l + 3m/2 - cr + e) log log (qr)), 


^o(a;) = ^=(l + o(l)), 

x/2ttx 


there exists a constant CJ > 0 such that 


/o(2(l + 3m/2 - cr + e) log log (qr)) < C[ 


, (log [qT)f{^+^rn/ 2 -a+e) 


(mlog log (qr))i/2 


Hence, 


7^ [ log |Xi(l + 3m/2 + (1 + 3m/2 - cr + e)e*®,x)|rffi' 
Je^j2 


< 


1 


(i„g,,,))./.o+(!£s(^ 


2(1-<t+6) 


^1/2 

Concluding the above, we have 
argGi(cr±ir, x) < «-Xi(l +Zml2-a, x) 


(log log {qTjfl"^ 


« f 1 + ^ f (log (qr))i/io + 

e l^^+rui /2 + (bg log (qr))3/2 

-1 


Taking e = (loglog (qr)) ^ completes the proof. 


□ 


4. Proof of theorems 
4.1. Evaluation of the main terms. 

We first prove two propositions which state out the main terms of the equations 
in our main theorems. We use the functions F{s,x) and Gi(s, x) defined in the 
previous section (see equations (13.11) and (13.21) 1. 

The following proposition states out the main term of the equation in Theorem 

o 
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Proposition 4.1. Assume GRH. Take tq as in (13.8p . and set aq := 4m. From 
Provosition 1 3., 51 we note that L'(s,x) ^ 0 when a > Oq. Then for T > tq which 
satisfies L(a ± iT, x) ^ 0 and L'[a ± iT, x) 7 ^ 0 for any cr G K., we have 

/ ^ \ rj-i T { \. X 1 

^ ■ 2 ) = ^ i ^ ( 2 ^ Li 

p'=/3'+i7', ^ ^ 

t5<±7'<T 

1 

T — / (-argL(CT±zl5,x)+argGl(cr±^^q,x))c^cr 
^7'■ Jl/2 

[ (-argL(cr±iT,x)+ argGi(cr±ir,x))dcr 

Jl/2 

+ 0(loglog(?) + 0{m), 

where the logarithmic branches are taken as in section \3.‘A 



Proof. We first set a, := 4m and take tq as in (1^ . We again note that 
t(j G 1. We also take cti which satisfies Lemma [3.31 and fix it. Take T > tq 
such that L(tT ± iT, x) 7 ^ 0 and L'{a ± iT, x) 7 ^ 0 for all cr G K. Let S G (0,1/2] and 
put b := 1/2 — (5. 

Applying Littlewood’s lemma (cf. |Tit39[ Section 3.8]) to Gi(s,x) on the 
rectangles with vertices b±itq, ± itq, Oq ± iT, and b ± iT, we obtain 


271 ~ 


tq<:k'y' <T 


(4.1) = loglGi(&±ft,x)lrft-^ log|Gi(ag±it,x)l* 

f-aq naq 

=F / argGi(CT±it 5 ,x)<io-± / argGi(CT ± fT, x)(icr 
Jh Jb 

=: + if + if + if. 


Applying the first inequality in Lemma 13.11 we can show that if ~ ^2 ~ 0{m). 
Below we estimate if. 

= / log^- dt+ / log|L'(6 + it,x)lc;t 

Jt, log TO 

= (61ogm — loglogm)T + / \og\F{bit,x)\dt 

Jtn 


(4.2) 


+ / log 

Jtq 

+ Tiog 


F' 


dt+ f \og\L{l — b — it,x)\dt 
Jt„ 


1 - 


1 


L' 


F' 


{hFit,x) L 


(1 -b-it,x) 


dt + 0{tq logm) 


=: hi + Ii 2 + Ii3 + IiA + Ii5 + 0(logm). 


Here we recall that tq = 0(1) from our choice of tq in (13.8p . 
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From (I3.4|l and Stirling’s formula (13.3p . we have 
7 i 2 = ^ \og\F{h + it,x)\dt = ((^ “ ^) 

= (1 _ 6 ^ (riog g - T - t, log If + i,) + 0 ( 1 ). 
Lemma 13.21 gives us 


log 


F' 


F 

thus we have 


{b + it.x) 


F' 


= Re log —(6 +it, x) = log log — +0 


F 


(i\A 


7 i 3 = / log 

Jta 


F' 

T 


{b + it,x) 


dt = 


27T 


log log 1^+0 

ZTT 


F log {q\t\) 


log {q\t\)J ’ 


dt 




= T log log — - t, log log - 


1 


log 


qt 


qtq 


27r 


= Tloglog--t, log log -Li — +0(7 


27T 


27T 


27r 

qT 


dt + 0 ( 1 ) 


271 


= Tloglog|| - ^Li ) + O(loglogg). 


Next, we estimate/i 4 . We note that L(s,x) = L{s,x), hence |L(1 — 6 —it,x)| = 
|L(1 — b + it,x)|. Take the logarithmic branch of logL(s,x) so that logL(s,x) = 

holds for Re(s) > 1 and that it is holomorphic in 
C\{p + A I L{p,x) = 0, A < 0}. Then applying Cauchy’s integral theorem to 
log L{s, x) on the rectangle with vertices 1 — b + itq, aq + itq, Uq + iT, 1 — b + iT 
and taking the imaginary part, we can show that 


/i4 = / log|L(l-6-it,x)|dt= / log|L(l -& + zt,x)Mt 

«/ tn J tn 


a.rgL{a + itq,x)dcr - / argL(cr + iT, x)dcr + 0(1). 


'l-b 


'l-b 


Finally we estimate / 15 . Since T(s, x) = F(s, x)T(l — s, x), we have 


(4.3) 


L' 


f(+x) L 


(s,x) = 1 - 


1 L’ 


(1 - s,x). 


From Lemma 13.41 the function on the left-hand side of (IT^ is holomorphic and 
has no zeros in cti < tr < 1/2, |7| > ii — 1. From Lemma [3.31 the function on the 
right-hand side of (14.311 is holomorphic and has no zeros in a < cri, |t| > 2. Thus 
we can determine 

f 1 L' 

log 1 - — -- -(1 - s,x) 

V L 

so that it tends to 0 as cr —>■ —00 which follows from Lemma 13.31 and that it is 
holomorphic in cr < 1/2, |i| > tq — 1(> 7i — 1). Now we apply Cauchy’s integral 
theorem to it on the trapezoid with vertices —tq + itq, 5 + itq, b + iT, and —T + iT. 
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Lemma 13.31 allows us to show 


r-T+iT 


I ai+iT 


r» — tq-\-itq 


/-T+iT 


f^ai+itq 


' —tq-\-itq 


log 1 - 


L' 


L 


(1 - s,x) ds = 0(1). 


Thus taking the imaginary part, we obtain 


log 


1 - 


1 


L' 


^{b + it,x) L 


(1 -b-it,x) 


dt 


= arg 1 - 


L' 


+ iT,x) L 


- arg 1 - 


(l-cr-iT, x)jda- 
L' 


^{(J+itq,x) ^ 


(l-cr-jt,,x) do-+ 0(1) 


Now we let 


log 


^ ’^■(s.x) I = log ( 1 -—r^(l-s,x) 


^(s,x) 


^(s,x) ^ 


and determine the logarithmic branch of log (F'/F)(s, x) and log (LYL)(s, x) in 
the region cti < cr < 1/2, |t| > ^ — 1 as in Lemma [3.41 Note that both of them 
and the functions on both sides of (Irm are all continuous with respect to s in 
<7i < a < 1/2, |t| >tq — 1. Furthermore, the two regions cti < cr < 1/2, t >tq — 1 
and CTi < (T < 1/2, —t>tq — 1 are connected. Thus we have 

(. 1 L'F', ^ L' , ^ 

argi 1- 1 = + + ^^9 

for some nq G Z that depends only at most on q. From our choice of logarithmic 
branch, we have Uq = 0. Thus, 


(4.4) 


27r 

- — < arg 1 1 - ^ 

F 


1 U 


^i.s,x) L 


(1 - s,x) I < ^ 


for iTi < cr < 1/2, \t\ > tq — 1. Therefore we obtain 


Ii5 = / log 


1 - 


L' 


^{b + it,x) L 


(1 -b-it,x) 


dt = 0{l). 


Collecting the above calculations, we have 

//■ = r log log ^ + {b log m — log log m) T — — Li 


27r 


iL 

2tt 


2tt 


+ ( ^ - I' ) [F\og^ - T -tqlog'^ +t. 


+ / a,TgL{a-\-itq,x)(^^ - / arg L(cr + zT, x)c?a + C>(log log g). 


n-b 


n-b 


Similarly, we can show that 


L =T log log — + (b log m — log log m)T — — Li [ — 
27r q \2 tt 
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+ 


277 




argL(f7 


n-h 


itq,x)d(J 


argL(cr 


' 1-6 


iT,x)d(T + 0{\og\ogq). 


Thus we have 

277 ^ (/3'- 6) = rioglog|^ + (61ogTO-loglogTO)r-^Li 

ig<±7'<T 


+ (i-i.) (rbgf-T-(,iog|i + (,) 

raq 

arg L(cr ± iig, T / aig L{a ± iT,x)da 
Jl-b 

raq 

aigGi{a ± itq,x)da i: / argG'i(cr ± iT, 

Jb 

+ O (log log g) + 0(m). 

Taking <5 —^ 0, we obtain ProDOsition l4.ll □ 



The following proposition states ont the main term of the equation in Theorem 

O 

Proposition 4.2. Assume GRH. Take tq as in (13.81) . Then for T > 2 which 
satisfies L(a ± iT, x) 7 ^ 0 and L'{a ± iT, x) ^ ^ for all tr G ffi., we have 

NiiT, x) = - log - - - A{tq, x) - B{tq, x) + Air, x) + BiT, x) 

TT zmTT TT 

+ A{-tq, x) + B{-tq, x) - A{-T, x) - Bi-T, x) + logg), 

where 

A(t,x) ■■= ^argGi + *TX^. B{t,x) ■= ^argL Q +*GX^, 

and the logarithmic branches are taken as in section \3.‘A 


Proof. Take aq,ai,tq,T,6,b as in the beginning of the proof of Proposition 
14.11 Let b' := 1/2 — S/2. Replacing b by b' in (14.11) . we have 

277 ^ (/3' - b') = 

tg<±7^<T 


log|Gi(6'±zf,x)Mt- / log|Gi(a, ±zt,x)Mt 


rag 

T / arg Gi (cr ± zt„x)clcr ± 
Jb' 



arg Gi (cr ± iT, x)dcf. 


Subtracting these from 611), we obtain 


Stt Y. 1 = 

ig<±7'<T 


(log |Gi [h ± it, x)\ - log |Gi(5' ± it, x)|) dt 


=F / argGi(cr±itg,x)clcr± 

Jb 


arg Gi (cr zb iT, 


b' 
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=: Jt + Jt + 4- 


We estimate 4- From (14.21) . we have 

4= [ (^og\G 1 {b +it, x)\-log\G 1 {b'+ it, x)\)dt 

Jtg 

= {b-b'){T-tg)logm+ ( {log\F{b + it,x)\-log\F{b'+ it,x)\)dt 

- log 


log 


F' 

-yib + ^t,x) 


^{b' + it, x) 


dt 


+ f {log\L{l-b-it,x)\-log\L{l-b'-it,x)\)dt 
Jt„ 


log 


1 -^ 


V 


^{b + it,x) L 


(1 -b-it,x) 


- log 


1 - 


1 


L' 


^{h' Fit, x) L 

= : Jii + Ji2 + Jl3 + Jl4 + Jib- 


[l-b' - it,x) 


dt 


Applying Cauchy’s theorem to log F{s, x) on the rectangle C with vertices b + itq, 
b' + itq, b' + iT, b + iT, and taking the imaginary part, we have 

pb' pb' 

Ji2= f^rgF{a+ itq,x)da - aigF{a + iT,x)da. 

Jb Jb 


From ()3.4p . we can show that 


27r 


Jl2 = ( T’log ^ - F ) ^ - [tqlog^ -tq 


0{5) 


Next, we take the logarithmic branch of log (F'/F)(s, y) as in condition (1) of 
Lemma 151^ Applying Cauchy’s integral theorem to log (F'/F’)(s, x) on G taking 
the imaginary part, we have 

i-b' pi i-b' pi 

J'i 3 = y arg—(cr +it,, x)dcr-y arg — (tr + iT, x)dcr = 0(5) 

To estimate J 14 , we define a branch of log L{s, x) as in the estimation of /14 in the 
proof of Proposition Hr] and apply Cauchy’s integral theorem on the rectangle with 
vertices 1 — b' + itq, 1 — 6 + itq, 1 — 6 + iT, 1 — b' + iT. Taking the imaginary part 
we obtain 


pl—b pi—o 

Ji4 = - / ^igL{a-\-itq,x)d ^/ argL(cr + zT, 

Jl-h' Jl-b' 

Finally, we define a branch of 

1 L' 


rl-b 


log 1 - 


^'(ax) l 


(1 - s,x) 
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as in the estimation of /15 in the proof of Proposition 14.11 and apply Cauchy’s 
integral theorem to it on C. Taking the imaginary part, we have 

Ji5= [ arg(l--p 7 -—- -^{1-a-itq,x)]da 

Jb \ -jria+ %tg,x) ^ I 


arg 1 - 


L' 


^(cr + iT,x) L 


(1 - a-iT,x) ]da 


= 0{S) 


by inequalities (I4.4|l . Then we estimate similarly. 

We then obtain 

dTT ^ i = _(r-g^iogm+(riogg-r)^-(t,iog|j-t,)^ 

p'=P'+il', 
t,<±7'<'r 


T 

T 


pL — D pl — 0 

/ arg L(cr ± ztg, x)(icr ± / aig L{a ± iT,x)d(T 
Jl-b' Jl-b' 

f argGi{a±itq,x)d<J± [ argGi{a ±iT,x)da + 0{6). 
Jb Jb 


Taking the limit i5 —>■ 0 and applying the mean value theorem, for r = ±tg and 
T = ±r we have 

1 

J™ arg L(cr + IT, x)dcr = B{t, x) 

5^0 nd J^_y 

and 

1 

/ arg Gi (cr + ZT, x)dcr = A(t,x) 
by noting that 6 = 1/2 — d and 6 ' = 1/2 — 5/2. Hence, 


Ni{T,x)-m{tg,x) 


r , qT T ftq qtq tq\ 

- log T-— log - - 

TT zmTT TT \ TT zmTT TT j 

- Mtq,x) - B{tq, x) + A{T, x) + B(T, x) 

+ Ai-tq, x) + Bi-tq, x) - A{-T, x) - Bi-T, x) + 0(1). 


Referring to Theorem 5]), we see that 

(4.5) m{tq, ;^) = ^ log - ^ + o (ml/2 _ 

Hence, 

Ni{T,x) = -log-^ -- - A{tq,x) - B(tq,x) + A{T,x) + B{T,x) 

TT ZmiT IT 

+ A{-tq, x) + B{-tq,x) - A{-T, x) - B{-T, x) + 0 {m^G log q). 


If 2 < T < tq, then Ni{T,x) < ^litq^x) = 0(mi/2 logg), which can be 
included in the error term. Thus the proof is complete. □ 










20 


ADE IRMA SURIAJAYA 


4.2. Completion of the proofs. 

We begin with the proof of Theorem 11.11 Referring to Theorem 6], we 

have 

(4.6) ^ (/3'- 1/2) <C logg. 

p'=/3'+i7', 

l7'l<‘q 

This also implies that when 2 < T < tq, 

(/3'- 1/2) <C logq. 

p'=P'+il\ 

h'\<T 

Next, we estimate 

E - 1/2). 

p'=l3'+i-f', 

t,<h'\<T 

We divide the proof in two cases. 


Case 1: For T > tq which satisfies L{a ± iT, x) ^ 0, L'{a ± iT, x) ^ 0 for all 
(T £ R. 

In this case, we apply Proposition Hyland provoke Lemmas 12.2113.51 and l3.7l to 
obtain the error term. 

We apply Lemmas 12.2113.71 and 13.51 to obtain 

pl/2+(log(gT))-i 

arg L(cr ± ir, x)dcr <C 1, 


ll/2 


Gi 

arg ± x)dcf mlogm 

1j 


for T >tq, and 


r.l/2+(log (gt,)) 


Jl/2 

r.l/2+(log(gT))- 


arg Gi (cr ± itq, x)d(J <C 


m 


1/2 


arg Gi (cr ± iT, x)d(7 <C 


(log log g) 1/2’ 
771,1/^ 


' 1/2 (loglog(gT))i/2’ 

/*3 Q 

/ aT^g-f^{cr ±itq,x)da < m^/^ (log log g)^ +TOloglogg, 

./l/2+(log(gt,))-i ^ 

/*3 Q 

/ arg—i(CT±7r,x)dcr < m^/^(loglog (gT))^ + m log log (gT). 

Jl/2+(log(gT))-i ^ 

Inserting the above estimates into the formula given in Proposition 14.11 and 
adding this to (14.6L we obtain Theorem o for Case 1. 


Case 2: For T > tq such that any of L(cr + iT,x) ^ 0, L{a — iT,x) ^ 0, 
L'{a + iT, x) 0, or L'{a — iT, x) 0 is not satisfied for some ct £ R. 

In this case, we have some increment in our sum as much as 

E (/3'-l/2). 

p'=/3'+^7^ 

l7'l=r 








TWO ESTIMATES ON THE DISTRIBUTION OF ZEROS OF L'{s,x) UNDER GRH 


21 


Now we estimate this and show that this increment can be included in the error 
term. First we look for some small 0 < e < (log log {qT))~^ such that L{a ± i{T ± 
e),x) 7 ^ 0, L'(cr ± i(T± e), x) 7 ^ 0 holds for all cr G M and apply the method of Case 
1. Then we find that the increment 


E (/3'-l/2)« 

p'=/3'+i'f', 
h'\=T 


E - 1/2) 

p'=/3'+z7', 

T-(-<h'\<T+e 


= E (^'-1/2)- E (^'-1/2) 

p'=P'+il', p'=0'+il', 

\l'\<T+e \l'\<T-e 

<C (log log {qT)Y + m log log {qT) + logg 
can be included in the error term. So we also have Theorem ll.il for this case. □ 


To complete the proof of Theorem 11.21 as in the proof of Theorem 11.11 we 
also consider two cases. In the first case, for T > 2 which satisfies L(a ± iT,x) 7 ^ 
0, L'(ct ± iT,x) 7 ^ 0 for all ct G R, the error terms are estimated as follows: From 
Lemma ITtI we have 


and 


/ log (qT) \ 


arg Gi ( - ± iT, X ) = O 


V(iogiog(qr))i/2y • 


From Lemma [2^ we have 


argL ( -±itg,x ) = O 


= o(d2£«-V .rgL((±g.xl=o( , V 

Vlogloggy ^ V 2 J \l0g\0giqT)J 


Therefore, 


T qT T ( mG2 log {qT) 


x) ^ log 2 ^^ TT V (log log {qT)) 


+0(m^G log g) 


for this case. 

In the second case, we consider for T > 2 such that any of L{a + iT,x) 7 ^ 0, 
L{a — iT, x) 7 ^ 0, L'{a + iT, x) 7 ^ 0, or L'{a — iT, x) 7 ^ 0 is not satisfied for some 
(7 G R. Similar to the proof of Theorem o we look for some small 0 < e < 
(log {qT))~^ such that L{(j ± i{T ± e), x) 7 ^ 0, L'{a ± i{T ± e), x) 7^ 0 holds for all 
(T G R. Applying the method of the first case we obtain 


(4.7) 


Nr{T±e,x) 


T±e q{T±e) T ± e / log (gT) \ 
TT ^ 2m7r TT \ (log log (qT)) 

+ 0(to^/^ logg). 


Noting the inequalities 

Ni{T - e, x) < iVi(T, x) < N^{T - e, x) + {Ni{T + e, x) - /Vi(T - e, x)), 
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from gj]) we can easily deduce 


Ni{T,x) 


T qT 

-logT- 

TT Zrmr 



for this case. 


/ log (qT) \ 

V(loglog(gT))i/2j 


+ Oivn}!'^ logg) 


□ 
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